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on around a 
e 
generalized continuum theories can capture the effect of the hole size 
(relative to the cell size) on the strain distribution around the hole. 
Higher-order effects on the 
strain distributi
cylindrical hole  
In this chapter, we investigate the plain-strain problem of a circular 
cylindrical hole in an infinitely large block under a field of uniaxial 
tension. First, we analyse the analytical solutions for the strain 
divergence, couple stress and classical theories. Then, we perform 
discrete analyses on Voronoi samples and compare the results with 
the continuum solutions. Finally, we critically assess whether th
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5.1 Introduction 
The effects of a hole on the strain/stress distribution in a solid material, which is 
uniform at points distant from the hole, is of great practical importance for the 
engineer; the strain/stress concentration induced by the hole may initiate fracture at 
the overstrained/overstressed portions close to the hole boundary. The classical 
continuum solution for circular cylindrical holes gives good agreement with 
experiments on conventional dense metals if the hole is large enough compared to the 
grain size of the crystalline aggregate (see Timoshenko and Goodier [1970] and the 
references therein). However, the classical theory is size-independent and the effect of 
the hole size relative to the size of the micro-constituents is absent in the solution. To 
capture possible hole size effects, one need to employ a generalized continuum 
theory.     
The effects of the hole size on the overall properties and the local strain fields 
have been investigated experimentally for cellular metals and polymers (see e.g. Fleck 
et al. [2001], Paul et al. [1999], Mora and Waas [2000] and Dillard et al. [2006]). 
Mora and Waas [2000] investigated the strain concentration around a circular 
cylindrical hole in a polycarbonate honeycomb. They were not able to detect any size 
effects for the hole problem, in contrast to the case of a rigid circular inclusion. In that 
case they were able to fit the experimental results by using the couple stress theory. 
Dillard et al. [2006] studied the strain fields around a hole in an open-cell nickel 
foam. They concluded that the strain concentration around the hole is closely related 
to the hole size relative to the cell size: for large hole sizes the experimental results 
agreed with classical continuum theory. For a hole size comparable to the cell size, 
however, they did not observe any strain concentration. 
Our aim in this chapter is to investigate the effects of the hole size (relative to 
the cell size) on the strain distribution in an infinite elastic block under uniaxial 
tension. In section 5.2, we first summarize the analytical solution for the strain 
gradient theory, which we use to obtain the corresponding solution for the strain 
divergence theory. Then, we compare the analytical solutions for the strain 
divergence, couple stress and classical theories. In section 5.3, we perform finite 
element calculations on discrete Voronoi models containing holes with different radii. 
We extract the strain distribution throughout the samples from the nodal 
displacements given by the finite element calculations by applying a strain mapping 
procedure developed earlier in section 3.4.2. In section 5.4, we compare the analytical 
and discrete results, in terms of the strain concentration around the hole, both 
qualitatively and quantitatively. Finally, we summarize this chapter and discuss the 
results in section 5.5. 
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u ,
5.2 Strain divergence and couple stress solutions  
In this section, we discuss the analytical solutions of a hole in a strain divergence and 
a couple stress material subjected to a far-field uniaxial stress state. We will compare 
these solutions with the classical field through the relevant dimensionless parameters.    
The governing equations of the strain gradient theory, for an isotropic body 
with a smooth bounding surface, are given in section 1.3.2. If we insert the kinematics 
(1.13) into the equilibrium equations (1.19a) via the constitutive relations (1.15), we 
obtain the displacement equations of equilibrium  
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where u is the displacement vector, ∇ is the gradient operator, ∇ 2 is the Laplacian 
operator (see the Appendix for its definition) and l 1 and l 2 are the two characteristic 
lengths of a strain gradient material. Note that any kinematically admissible 







Figure 5.1: Notation and geometry of an infinite plane with a circular cylindrical hole subjected 
to remotely uniform tension.  
 
Figure 5.1 shows the boundary conditions corresponding to the plane-strain 
problem of a circular cylindrical hole (in an infinitely large block) under a field of 
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uniaxial tension. Eshel and Rosenfeld [1970] obtained the solution u of the partial 
differential equation (5.1) for these boundary conditions (a brief summary of their 
solution is given in the Appendix), and showed that the solution depends on five 
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where ν is the Poisson’s ratio and r 0 is the hole radius. 
As mentioned earlier in section 4.2, the strain gradient theory reduces to the 
strain divergence theory if the four higher-order constants (a 1, a 2, a 4, a 5) vanish, with 
a 3 = a. In this case, β 1 and β 2 are zero, we have a single characteristic length l c as 
defined in Equation (4.47) and, as a result, p 1 and p 2 are no longer independent (see 
Equations (5.3)). This leaves only two independent parameters that enter the solution, 








λν λ µ= + =
                                                
 (5.5) 
 
The solution to the same problem is given by Eringen [1999] for the 
micropolar theory, and by Mindlin [1963] for the couple stress theory. Since the 
couple stress theory is a special case of both the micropolar and strain gradient 
theories (see table 1.1), the solution can also be obtained from the micropolar solution 
by imposing m→∞ (see section 3.3) or from the strain gradient solution by 
performing the reduction as discussed in section 1.3.2. Similar to the strain divergence 
theory, the couple stress solution depends on the two dimensionless parameters given 
in Equations (5.5), with the corresponding couple stress characteristic length1. As it 
would be expected, for p→∞ (or l c→ 0), the solution converges to the solution of the 
 
1 Note that Mindlin’s definition for the couple stress characteristic length is (1) 1 2c 1313 1212( 2 )l D A= . 
Therefore, the characteristic length that we defined in Equation (3.26), i.e. (1) 1 2c 1313 1212(l D A= )  should 
be divided by 2  when using Mindlin’s [1963] solution.  
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same problem in classical elasticity, for both theories. We note in passing that the 
related problem of a cylindrical rigid inclusion in a field of uniaxial tension is 
investigated for the couple stress theory by Hartranft and Sih [1965] and by Weitsman 
[1965]. The more general cases of spherical and cylindrical elastic inclusions are 
analyzed for the micropolar theory by Zhang and Sharma [2005]. 
As discussed in detail in section 3.2, the discrete cellular structures analyzed 
are transverse isotropic with a zero out-of-plane Poisson’s ratio (ν pt = 0). The 
equations for a plane-strain isotropic problem (Equations (5.1-5) in this case) can 
simply be converted to their transverse isotropic (with ν pt = 0) counterparts by 
replacing µ with µ p and λ with λ p. In the following, the results are given for 
transverse isotropic materials (with ν pt = 0). 
Figures 5.2a-f show the effects of the (in-plane) Poisson’s ratio, ν p, and p (the 
ratio of the hole size r 0 to the characteristic length l c) on the distribution of the strain 
component ε 11, normalized by the applied strain ε appl (i.e. the strain ε 11 applied far 
away from the hole). Figures 5.2a, c and e (5.2b, d and f) are for a classical, strain 
divergence and couple stress solid, respectively, and all three solids have a Poisson’s 
ratio of ν p = 0.3 (ν p = 0.94). The classical case corresponds to p→∞, and for the 
strain divergence and the couple stress solids p is taken to be equal to one, small 
enough to exemplify the higher order effects. The value ν p = 0.3 represents a low 
Poisson’s ratio solid, whereas ν p = 0.94 is the value for the Voronoi honeycombs 
analyzed discretely in chapter 2. Due to the symmetries of the problem, only the upper 
right quarter is shown in Figs. 5.2a-f. For all six cases it holds that the effect of the 
hole on the strain distribution is localized in a regime near its boundary; the value of 
the strain ε 11 rapidly approaches the applied strain ε appl moving away from the hole. 
For the classical solid, the strain concentration factor at the edge of the hole at θ= π/2 
does not depend on ν p and is equal to ε 11/ε appl = 3 (see Figs. 5.2a and b). The strain 
distribution around the hole, however, is quite sensitive to the value of ν p. Along the 
line θ= π/2, ε 11 approaches ε appl faster for the larger Poisson’s ratio (ν p = 0.94), 
whereas at approximately θ= π/4, it approaches ε appl slower. For the strain divergence 
solid, the strain concentration factor (ε 11/ε appl  at x 2 = r 0 and θ= π/2) decreases with 
increasing ν p (ε 11/ε appl≈ 2.92 for ν p = 0.3, and ε 11/ε appl≈ 2.34 for ν p = 0.94), whereas 
the strain concentration remains more localized around the hole (see Figs. 5.2c and d). 
For decreasing ν p, the solution for a strain divergence solid converges to the solution 
for a classical solid (with the same ν p), irrespective of the value of p; for ν p = 0, the 
two solutions are the same. Clearly, a non-zero value of ν p is needed to trigger higher-
order effects in the case of the strain divergence theory. A similar effect was observed 
in pure bending (see Fig. 4.6). In the case of the couple stress solid, on the other hand,
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                                      (c)                                                                  (d) 
           
e hole size r 0 to 
the characteristic length lc) on the distribution of the strain component ε11, normalized by the   
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Figure 5.2: The effects of the (in-plane) Poisson’s ratio, ν p, and p (the ratio of th
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ical, (a) and (b), 
π for νp=0.3 and 
11/εappl≈ 2.22 for ν p = 0.94, see Figs. 5.2e and f). For the same p and ν p values, the 
a
gence theory and the gradient of the (macro-) 
rotation
applied strain ε appl (i.e. the strain ε 11 applied far away from the hole) for a class
strain divergence, (c) and (d), and for a couple stress solid, (e) and (f). (a), (c) and (e) are for a 
Poisson’s ratio of ν p = 0.3 and (b), (d) and (f) for a Poisson’s ratio of ν p = 0.94. 
 
there is an opposite tendency in the value of the strain concentration factor (ε 11/ε appl  
at x2=r0 and θ= /2); it increases with increasing νp (ε11/εappl≈2.02 
ε
strain concentration factor at the edge of the hole is lower for the couple stress solid 
than for the strain divergence solid. The difference between the two cases diminishes 
s the Poisson’s ratio approaches the incompressibility limit ν p→ 1, at which value 
they are very different from the classical solution (compare Figs. 5.2b, d and f). In 
summary, for low Poisson’s ratio materials, the couple stress field is very different 
from the strain divergence field (which closely resembles the classical field), whereas 
they are very similar for large Poisson’s ratio materials, in which case they differ 
considerably from the classical field.    
The differences between the classical and the higher order/grade solutions are 
associated with the additional deformation mechanisms appearing in the theory: the 
divergence of strain for the strain diver
 for the couple stress theory. To exemplify this, we show the contour plots of 
one component of the strain divergence, η 1 (and one component of the curvature, k 13) 
for the classical and strain divergence (couple stress) theories in Fig. 5. The Poisson’s 
ratio is ν p = 0.94 for each case and p = 1 for both the strain divergence and couple 
stress solutions. It is clear that both η 1 and k 13 in the classical case (see Figs. 5.3a and 
c) are much larger compared to those for the strain divergence and couple stress 
solutions, respectively (see Figs. 5.3b and d). This is caused by the increase in the 
characteristic length l c (or decrease in p = r 0/l c) from the classical to the strain 
divergence (couple stress) solution, putting an energy penalty on the development of  
                                      (a)                                                                  (b) 
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                                      (c)                                                                  (d) 
Figure 5.3: Contour plots of one component of the strain divergence, η 1, (a) and (b), and one 
component of the curvature, k 13, (c) and (d). (a) and (c) are for a classical, (b) is for a strain 
divergence solid with p = 1 and (d) is for a couple stress solid with p = 1, each with a Poisson’s 
ratio of ν p = 0.94.   
 
the divergence of strain and the gradient of the (macro-) rotation. The other two in-
plane components, η 2 and k 23, show a similar behaviour and are not presented here. 
5.3 Discrete analyses 
In this section, we discretely analyze the hole problem for Voronoi tessellations (see 
Fig. 5.4). The Voronoi microstructure is similar to the one used in section 2.3. To be 
able to mimic a hole in an infinite block, the size of the samples should be large 
enough compared to the hole radius r0. It was found that for L≈5−6r0, the effect of
Figure 5.4: Geometry and boundary conditions for the discrete analysis of a circular cylindrical 
hole subjected to remotely uniform tension.  
L
2 3 0u φ= = 2 3 0u φ= =
1 applu Lε=1 applu Lε= − L
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the hole on the macroscopic stiffness is negligible. Owing to the symmetries of the 
problem (see Fig. 5.1), it is essentially enough to model only a quarter of the 
specimens. However, we take a full length sample in the x 1 direction (the direction of  
the applied tensile strain, ε appl) to avoid underestimated strain values along the line 
θ= π/2, which could arise in the strain mapping procedure that will be employed (for 
a discussion on this, see section 3.4.2). We apply symmetry boundary conditions at 
the bottom boundary (along the line θ= 0 and line θ= π, for x 1 > r 0). Note that we do 
not account for the symmetry in the cellular structure at these locations. Nevertheless, 
the error was found to be negligible. 
 
(b) 
Figure 5.5: ε ε θ π
 
(a) 
1 1.5 2 2.5 3 3.5
The normalized strain 11/ appl over the line = /2, plotted against the normalized 
distance from the edge of the hole x 2/r 0, for (a) a fixed grid size GS = 1.5d and increasing number 
of samples NS and (b) NS = 400 and a decreasing grid size GS.  
 
In section 3.4.2 it was shown that the accuracy of the strain mapping 
procedure is determined by three parameters, the cutting step size CSS for the 
samples, the number of samples NS used for the simulations and the grid size GS of 
the square background mesh. To accurately pick-up the gradients for the different 
hole sizes, these parameters should be carefully selected. In the following we will 
discuss the procedure adopted to do so. As a reference case we analyze a hole with 
radius r 0 = 25d (d is the average cell size for the Voronoi samples), which is large 
enough so that higher-order effects will not be present. This allows benchmarking the 
discrete strain maps against the analytical results of classical elasticity. Each sample is 
cut from a big block with CSS≈ 0.4d. Figure 5.5a shows the normalized strain 
ε 11/ε appl over the line θ= π/2, plotted against the normalized distance from the edge of 
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uum solution (ν p = 0.94). 
see tha
varying GS. The figure nicely depicts that for the grid sizes chosen the average strain 
                          (a)                                                                  (b) 
                                      (c)                                                                  (d) 
Figure 5.6: The strain field ε 11 normalized with the applied strain ε appl for r 0 = 25d: (a) 1 
sample. (b) 25 samples. (c) 400 samples. (d) The classical contin
 
t a converged field is obtained for NS larger than 200 that exactly coincides 
with the analytical solution of classical elasticity. To also investigate this convergence 
spatially around the hole, we present contour plots of the strain field ε 11/ε appl in Fig. 
5.6a-c for NS = 1, 25 and 400 samples, respectively. We see that there are large 
fluctuations for a single sample, which decreases for 25 samples and finally, for 400 
samples, we obtain a smooth field that is in very good agreement with the classical 
solution, shown in Fig. 5.6d. 
Next, we fix the number of samples NS and investigate the effect of the grid 
size GS. Figure 5.5b shows the strain fields along the line θ= π/2, plotted against the 
normalized distance from the hole for a fixed number of samples (NS = 400) and a 
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f
size further beyond 2d (not shown) the strain fields are smoothed out to such an extent 
that the gradients can no longer be picked-up. Clearly, to have a converged discrete 
strain field, the GS must be small enough to pick-up the gradients, while the NS must 
be large enough to smooth out fluctuations. In other words, if for a certain NS a 
reduction of the GS does not change the recorded field, a converged solution is 
obtained. This procedure will be employed in the following to find the NS and GS for 
each hole size investigated. 
                                      (a)                                                                  (b) 
                                                                         (c)     
Figure 5.7: The strain fields along the line θ = π /2, plotted against the normalized distance from 
the hole x 2/r 0, for a fixed number of samples NS and a varying grid size GS for: (a) r 0 = 3d 
(NS = 15000). (b) r 0 = 1.5d (NS = 15000). (c) r 0 = 0.5d (NS = 13000). 
ield is accurately picked-up. For this number of samples, the smallest grid size 
(GS = d/2) induces fluctuations around the exact field, while by increasing the grid 
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field. For the r = 0.5d case, the strain concentration is drastically reduced. The two 
 
analytic is obtained by 
ples without a 
e average strains ε  and ε  by using the strain mapping 
ence 
CS
The discrete results are expected to diverge from the classical solution for 
small hole sizes, where r 0 is on the order of the cell size. Hence, we analyzed the 
cases of r 0 = 6d, 3d, 1.5d and 0.5d. In the simulations, we used 13000 samples for 
r 0 = 0.5d and 15000 samples for the others. We first generated 3000 different Voronoi 
blocks and cut 4-5 samples from each with a CSS = 0.5d. Figures 5.7a-c show 
ε 11/ε appl over the line θ= π/2, plotted against x 2/r 0 for a decreasing GS and for 
r 0 = 3d, 1.5d and 0.5d, respectively. Already for r 0 = 6d, the discrete results converge 
to the classical solution, and therefore the results (which do not differ much from 
those for r 0 = 25d) are not plotted here. For the r 0 = 3d and 1.5d cases, it can be 
observed that the gradient in ε 11/ε appl can not be picked-up for the largest grid size 
(GS = d). With decreasing GS, the fields converge. A further decrease in GS does not 
change the average gradient in ε 11/ε appl but causes oscillations around the converged 
0
largest grid sizes are not sufficiently small to pick up the gradients. Although the 
convergence is not as clear as in the other two cases, the fact that the results for 
GS = d/6 start to oscillate around the GS = d/4 case suggests that the results for 
GS = d/4 are representative for the discrete fields. To obtain more accurate fields, the 
number of samples NS should be drastically increased. Yet, we do not expect
qualitative changes in the results with a smaller GS. 
5.4 Comparison of the analytical and discrete models   
In this section we compare the discrete results with the strain divergence and couple 
stress solutions. As we showed in section 5.1, we need two parameters for the 
al solutions: ν p and p. The Poisson’s ratio ν p = −ε 22/ε 11 = 0.94 
performing uniaxial tension tests in the x 1 direction on Voronoi sam
hole and measuring th 22 11
procedure. For the parameter p = r 0/l c, the characteristic length l c is used that has been 
obtained by fitting the simple shear calculations, l cSD = 0.64d for the strain diverg
theory (see section 4.4) and l c = 0.9d for the couple stress theory (see section 3.4.1). 
To analyze qualitatively the spatial distribution of the strain field, we show contour 
plots of ε 11/ε appl for the discrete models for r 0 = 0.5d (with GS = d/4 and NS = 13000, 
Fig. 5.8a) and r 0 = 3d (with GS = d/2 and NS = 15000, Fig. 5.8c), next to the 
corresponding strain divergence continuum solution (Figs. 5.8b and d, respectively). 
Figures 5.8a and b show that the discrete results are in reasonable good agreement 
with the strain divergence solution and both differ considerably from the classical 
solution (Fig. 5.2b). For r =0 3d, the discrete and strain divergence solutions (Figs. 
5.8c and d, respectively) already closely resemble the classical solution (Fig. 5.2b). 
The couple stress fields are almost perfectly identical to the strain divergence fields 
(as also discussed in section 5.2) and are not shown here.  
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                                      (a)                                                                  (b) 
                                      (c)                                                                  (d) 
Figure 5.8: Comparison of ε 11/ε appl for the discrete models with (a) r 0 = 0.5d (GS = d/4 and 
NS = 13000) and (c) r 0 = 3d (GS = d/2 and NS = 15000) with the corresponding strain divergence 
continuum solutions (with ν p = 0.94 and l cSD = 0.64d), (b) and (d). 
 
Figures 5.9a and b show the discrete results for different hole sizes and the 
corresponding strain divergence solutions (with l cSD = 0.64d) for ε 11/ε appl over the line 
θ= π/2.  It can be observed that the strain concentration factor at the edge of the hole 
for the strain divergence theory is equal to 3 for the largest hole radius, r 0 = 25d, and 
it decreases with decreasing r 0 value (Figs. 5.9b). For the discrete results there is no 
such a tendency and the strains obtained are larger than the continuum measures 
(Figs. 5.9a). For the discrete samples, the cell walls connected to the hole boundary 
us to the hole are more compliant 
compared to the ones located away from the hole. This might result in an 
overestimation of the strains. Moving further away from the hole, however, this effect   
are traction free, and as a result, the cells contiguo
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 5.10. Both the strain divergence 
and couple stress theories are in reasonable agreement with the discrete solutions; the  
                                      (a)                                                                  (b) 
Figure 5.9: Comparison of (a) the discrete results for different hole sizes and (b) the 
corresponding strain divergence solutions (with l cSD = 0.64d) for ε 11/ε appl over the line θ = π /2.  
 
diminishes and the discrete and the continuum results are in good agreement. Both 
discrete and continuum solutions predict that for larger normalized hole sizes, the 
strain level drops to the far-field level at a smaller normalized distance from the hole 
edge than for small holes. To quantify this, we plot the discrete results for ε 11/ε appl at 
θ= π/2 and x 2/r 0 = 1.75 and compare them with the analytical solutions for both the 
strain divergence and couple stress solutions in Fig.
Figure 5.10: The best fits of the strain divergence, couple stress and micropolar (with a small 
coupling factor m = 1) theories to the change in the normalized strain ε 11/ε appl (at θ = π /2 and 
x 2/r 0 = 1.75) with increasing hole radius r 0/d for the discrete calculations.     
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in the case of 
e fracture of 
ptured a clear 
strain ε 11/ε appl decreases with increasing r 0, whereas the classical theory would 
predict a size-independent response. We also briefly explored micropolar solutions 
the analytical solutions.  
with a small coupling factor m. Figure 5.10 shows the best fit for m = 1, which occurs 
for a characteristic length l c = 2d; it is not able to capture the large gradient in ε 11/ε appl 
with increasing hole size.              
5.5 Summary and discussion 
In this chapter, we analysed the higher-order effects on the strain distribution around a 
circular cylindrical hole in a field of uniaxial tension. First, we investigated the 
differences in the analytical solutions for the strain divergence, couple stress and 
classical continuum theories. Then we performed finite element calculations on 
Voronoi samples with different hole sizes and used a strain mapping procedure to 
extract the strain field around the hole. Finally, we compared the discrete results with 
The grid size in the strain mapping procedure needed to obtain accurate strain 
fields scales with the hole size. As a result, the grid size becomes smaller than the cell 
size for small holes. A direct consequence of this is that many more samples are 
needed to obtain smooth average fields in the region near the hole. Nevertheless, 
except for a region very close to the traction free hole boundary where discrete effects 
prevail, we have been able to obtain a good convergence for each r 0. The discrete 
results have been found to compare equally well with the strain divergence as the 
couple stress theory. 
Our results agree with the experiments of Dillard et al. [2006], in the sense 
that the strain concentration around a hole reduces for hole sizes comparable to the 
cell size. In the experiments, Dillard and co-workers used the same strain mapping 
parameters for their strain mapping procedure for both large and small holes, which, 
as they also state, might have masked possible strain concentrations 
small holes. Nevertheless, they observed that the final crack leading to th
the samples initiated at the hole for large hole radii (for which they ca
strain concentration), whereas this was not the case for samples with a small hole 
radius (for which they could not detect any strain concentration).    
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Appendix: Hole problem for the strain gradient theory 
Mindlin [1964] has shown that any solution of Equation (5.1) can be written in terms 
of a vector function B and a scalar function B 0 as 
 
2 2 2 2 2
2 1 2 0  ( ) [ (1 ) ] 02






  ( ) ( 2 )δ λ µ λ µ= + + ,                                         (A2) 
 
where r is the position vector, and B and B 0 are the solutions of   
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for a scalar function  f  and a vector function v, respectively. 
                         (a)                                             (b)                                       (c) 
Figure A1: The hole problem (a) can be written as the superposition of two simpler ones: A 
uniaxial tension problem of the same block, but without a hole (b) and a problem where 
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Figure A.1a shows the boundary conditions corresponding to the hole 
problem. We can write this problem as the superposition of two simpler ones: I-) A 
uniaxial tension problem of the same block, but without a hole (see Fig. A.1b). II-) A 
problem where compressive tractions are applied only around the hole (see Fig. A.1c). 
Note that in Fig. A.1b the uniaxial tensile tractions around the hole ensure the uniform 
strain/stress distribution throughout the block. We know the analytical solution for the 
first sub-problem; therefore we only have to solve the second sub-problem, shown in 
Fig. A.1c.  
Eshel and Rosenfeld [1970] showed that the solution of Equations (A1-A3) 
can be given as 
 
2 1 2 1 2 1
1 0 3 0 5 0 1 1 1(1 ) ( )2 2 2r
u A r r A r r A r l Kδ δ ρ
               2 1 2 2 3 11 0 1 2 2 0 2 2 2
1      { [ 2( ) ] ( )
2
A r r l l r A r l r K ρ
4 3 2 1 1
1 1 1
1          (1 ) [ ( ) ( )]}cos(2 ),A r r A r r K l K4 0 6 0 2 1 1 1 12
δ δ ρ ρ θ
− − −
− − −+ − − +
= − − −
− − −+ + − −        (A5) 
 
 
2 1 2 2 3 2 1
1 0 1 2 2 0 2 2 2
4 3 2 1
1 2 4 0 6 0 2 1
1{ [ (1 ) 2( ) ] [ ( )
2
1       ( )] (1 ) ( )}sin(2 ),
2
u A r r l l r A r l r K
K A r r A r r K
θ δ ρ
ρ δ δ ρ θ
− − −
− −
= − − + − −
+ + − −
 (A6) 
 
where ρ 1 = r/l 1, ρ 2 = r/l 2, K i ( ) ( i = 1, 2) are the modified Bessel functions of the 
second kind of order i and A j ( j = 0 , 1,…,6) are dimensionless constants. Inserting 
(A5) and (A6) in to the boundary conditions for Fig. A.1c, 
  
 





t T t T
r r




on r = r 0, and 
 
 0,r rt t r rθ θ= = = =  (A
 
on r→∞, via the kinematic and constitutive relations (Equations (1.13) and (1.15)), 
8) 
 of six linear algebraic equations: yields a system
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b B b B b B
b B b B b B
b B b B b B54 4 56 6
61 1 62 2 66 6
2
1,b B b B b B
+ + = −
+ + = −
+ + = −
 (A9)  
+ + =
   
with B j =  A jµ /T ( j = 0, 1,…,6) and2
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32 2 2 2 1 22 2
1 2
,
2 2 (2 ) 4(1 ) ,
1 2(1 ) ( ) ( ),
b
p p
b p K p K p
p p
δ β δ δ δ
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36 2 2 1 41 43
45 1 1 1 51 2 542
1
56 2 2 1 61 62
(1 )(1 ) ( ),   1,   ,
6( ),   (1 ) 3 ,   6 ,
(3 3 6 ) ( ),   ,   
b K p b b
b p K p b b
k
b K p b b K
δ β δ
δ β δ δ
β δ δ
= − + = − =
= − = − + − = −
= + − = = − 1 2
66 1 1 1
( ),
(1 ) ( ),
p
b p K pδ= −
       (A10) 
 
with β 1, β 2, p 1 and p 2 defined in Equation (5.3). By solving for B 1…, B 6 the solution 
for the problem in Fig. A.1c is complete. The strain distribution can easily be obtained 
by adding the displacements of the two problems using the kinematic relations.      
 
                                                 
2 Note that the encircled plus sign in the second line of Equation (A10) is missing in the solution of 
Eshel and Rosenfeld [1970]; we repeated the analysis and showed that it was a typographical error.  
 
